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Abstract

The collective risk model holds significant importance in decision-making and risk management
contexts. It primarily focuses on the aggregation of random sums of random variables. In this
work, we investigate the approximation of both compound binomial and compound Poisson
collective risk models, where the number of claims follows binomial and Poisson distributions,
respectively. Using the characteristic function as the primary analytical tool, we derive refined
error bounds. Our results are established under the assumption of finite (2 + §)-th moment,
where 0 < 6 < 1. Furthermore, we improve existing error bounds, particularly in regimes
where the model parameters are sufficiently large.
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1 Introduction

In the realm of actuarial science and risk modeling, the calculation of aggregate losses and their
corresponding probabilities plays a pivotal role in facilitating informed decision-making and pro-
ficient risk management. The known distributions of both the frequency and severity of claims
enable the computation of total loss, albeit this procedure may be viewed as routine [5]. Conse-
quently, the utilization of probability approximation becomes a valuable strategy for evaluating
the chance and amount of claim payouts for insurance companies.

The aggregate losses in actuarial science can be characterized through two distinct models: the
individual risk model and the collective risk model. In the individual risk model, aggregate losses
depict the cumulative sum of losses from each individual contract, delimited by restrictions on the
frequency of claims. An illustrative example of this model is a life insurance policy with a singular
claim. Conversely, the collective risk model entails the aggregation of losses from only one insured.
The frequency of claims, reflective of the quantity of losses, exhibits a stochastic nature over time,
as evidenced in insurance domains like health and automobile coverage. In addition, the amount
of each claim may vary significantly, differing from the structure observed in life insurance.

This study focuses on the collective risk model, emphasizing its complexity in contrast to the
individual risk model. This distinction arises from the random nature of the number of claims in
the collective risk model, in contrast to the fixed number of claims in another model. Notably, in
light of the collective risk model’s contractual nature, which is typically limited to a short policy
period, often a year with the possibility of renewal, the model does not incorporate the discount
factor of interest [12].

To introduce an aggregate loss for the collective risk model, let X;, X5, X3, ... be independent
and identically distributed positive integer—valued random variables with the same distribution

as X, denoted by X L X,, where £ signifies equal in distribution. It is noteworthy that the
identically distributed condition holds, as we are considering the claim behavior for individuals.
Additionally, we assume that the random variables are positive, given that X = 0 signifies the
absence of a claim. An aggregate loss Sy for the collective risk model is a sum of N random
variables defined by,

N
Sy = Z Xi,
i=1

where N is a positive integer-valued random variable representing the number of claims and X;
is the severity of the ith claim. For convention, we let Sy = 0 for N = 0.

As mentioned above, the distribution of the total loss can be computed when the distribu-
tions of frequency and severity of claims are known. Alternatively, probability approximations
provide a practical way to estimate these distributions. To evaluate the accuracy of such approx-
imations, one may refer to the Berry—-Esseen bound, developed by Berry [2] and Esseen [3], for
non-random sums of independent random variables. For random sums, the Berry-Esseen bounds
were proposed by Korolev and Dorofeeva [9] using the characteristic function method. Further
developments by Sunklodas [16, 17] combined this approach with Stein’s method [15] to derive
bounds for normal approximation. Notably, Stein’s method also applies to random variables that
are not sums, such as in the discretized normal approximation [14]. In some cases, the normal
distribution may not be suitable [10].

Another form of approximation error bound arises from the local limit theorem, which pro-
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vides an estimate for approximating point probabilities using a known probability density func-
tion. The development of this theorem is reviewed in [11], dependent sums [1], independent
lattice-valued sums [6], and independent and identically distributed sums [13]. A version of the
local limit theorem for random sums was established by Kongjiw et al. [8] in 2023.

In this study, our attention is directed towards situations in which the number of claims, de-
noted as N, adheres to both binomial and Poisson distributions. Specifically, we refer to a random
sum Sy based on the distribution of N. For instance, Sy displays a compound binomial distri-
bution and a compound Poisson distribution when N follows binomial and Poisson distributions,
respectively. The bounds in the local limit theorem for compound binomial and compound Pois-
son collective risk models P(Sy = k) for k € N are enhanced. The primary tool used for deriving
these approximations is the characteristic function method.

The remainder of this paper is organized as follows: Section 2 presents the bounds for the com-
pound binomial collective risk model, while Section 3 examines the compound Poisson collective
risk model. Additionally, the results for both models are investigated under the condition of finite
(2 4 0)-th moment, where 0 < ¢ < 1, along with accompanying examples. Finally, the discussion
and conclusion are presented in Section 4.

Throughout this paper, the following notations are used: y = E(X), 02 = Var(X), uy = E|X|*
fort € Rt, and p,, = P(X = m) for m € N. Let § be a real number such that 0 < § < 1.

2 Compound Binomial Collective Risk Model

Let B be a binomial random variable with parameter n € N and p € (0, 1). Define a compound
binomial collective risk model Sg by:

In this model, the number of claims is assumed to follow a binomial distribution. Assume that
B, X, X1, Xs,... are independent. We obtain that E(Sg) = E(B)E(X) = npu and

Var(Sg) = E(B)Var(X) + Var(B)E*(X) = npo? + np(1 — p)u* = npy,, where v, = uz — pu.
Set,

ax =2 Z PmPm+1-
melm X

In 2023, Kongjiw et al. [8] provided a bound in the local limit theorem with the rate of conver-

gence O ((le . The following is their result.
n

Theorem 2.1 ([8]). Assume that usys < co. Foranyn € Nand p € (0,1), we have

P(Sp—k)— Lt G
su =k)— e TP ,
keg b \V2mnpy, — pi+9)/2
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where
™ n 32550515 . 1
212(1 = p)ppr +pPox]Ty  gp(1+8)/2,B+0/2 = wpy Ty

1/6
T < Tp )
1= .
24245

The aim of this work is to refine the constant C'; in Theorem 2.1 by adjusting the term 73 and
expressing some bounds in exponential forms. To underscore the precision of the bound, we
present a remark and an illustrative example later. The obtained result is as follows.

Ch =

Theorem 2.2. Assume that pia15 < co. Foranyn € Nand p € (0, 1), we have

P(Sp = k)~ e T | < O
su =k)— ———e ZPW —_
wen| 7 J2mnp, S R
where
me—n2(1—p)pp1+p°ax]Ts /n 3. (8/3)B+0)/2, s e~ T3 /2

Coy =

22(1 — p)pp1 + pPax|Ton(=0/2 © op(146)/24(340/2 py, Tyn(1=0)/27

1/6
2 — .
48z s

Proof. The fundamental concept of the proof involves rewriting the random sum Sp into a non-
random sum, drawing inspiration from the work of Korolev and Dorofeeva [9, p.48]. Let
Y1,Ys,Ys, ... beindependent and identically distributed Bernoulli random variables with param-

eterpand Y 4 Yi. Assume that X, X, X3,...,Y7,Y5,Y3,... are independent. In 2017, Korolev
and Dorofeeva [9, p.48] showed that a binomial random sum Sg can be represented in a non-
random sum as follows:

Sp L X1Y) + XoYs + XsVs + ...+ X, Y5, (1)

Following this, Kongjiw et al. [8] adopted an idea from [9] and utilized the triangle inequality
to establish that, for any real number 7" such that 0 < T" < 7, the following holds:

1 _ (k—npw)?

‘P(SB = k) — e T | < Ay + Ag + As, (2)
2mnpyp
where
1
A = — Vs, (t)] dt, 3
1= 5 ngﬂl 5(t)] (3)
1 . 2
Ar= o= | () — etmrmtmmeti2| qy, (4)
21 Jyy<r
1
Ay = — eIt /2y %)
21 Js1

and g, is the characteristic function of Sp. Additionally, they showed that for any real number
T such that 0 < T' < 7, the following hold [8, p.3]:

T 2 2 2
A < e~ 2(1—p)ppr+p ax]T*/m , 6
Y= 2n2(1 — p)ppr + pPax]T )
< ;e—nmpiﬂ/?. (7)
mnpy, T
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In this study, we define T" in (3)—(5) as:

1/5
2 — .
48245

It is true that 0 < 7% < 1 < 7 since v, = pa — pp?® < po < pioys. From T and (6)—(7), we obtain
that,

T 2 2 2
4 < e~ n2(1—p)ppr+p’ax]Ts /n , 8
L= 2201 - p)ppr + pPaxTy @
1 2
_n omnepTE)/2 9
< o T : )

To find a bound for A,, we first notice that Sunklodas [16, p.358] and Kongjiw et al. [8, p.4]
have shown that,

. 2 2
s () — e 2] < Gpuy st 2Ot

29(1+8)(2 + 6)(1 — 2 1/ 1 3
(1+9)(2+9)( 6)%) and0<e<§.Inthiswork,wechoosee:gandobtain

fi t <
orlfl < ( 8(3+ 0)pinrs

that,

[0 (1) = e L2 < Gy srple P, (10)

20(1+0)(2+0)y 3+0 3
for |t| < P < - [§,p4 h d T
or||( 3303 1 0)ines 25(14_6)(2_|_5)<2[,p ], our choosed T

is applicable with the condition of (10). This implies that, for |¢t| < T3,

1/6
) . By the fact that

1

T o

3
< —u2+5np/ [t o et/ gy,
& [t|<T>

Ao= o [ syt - etz g
[t|<T>

Utilizing the following integral formula:

oo e 1
/ g@le=b gy = Zpme/ep (9) , (11)
0 C C

for a,b,c € R ([4], p.370), we obtain that,
3-(8/3)3+9)/2 346
a < O e (30
W(”p)( +9)/ Yp
3 s
)

Combining (8)-(9) and (12), we have the theorem as desired. O

Remark 2.1. The finding presented in Theorem 2.2 refines the constant in the bound established in Theorem
2.1. To facilitate a comprehensive comparison of the bounds, consider

3-(8/3)3F0/ 25 s 3-23F0 5 <2>(3+6)/2 3-23F0 005

7Tp(1+5)/2"yl()3+6)/2 - 7Tp(1+5)/2’}’;()3+5)/2 ' g Wp(l+5)/2%()3+§)/2 .
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Additionally, for sufficiently large n such that,

91/8 < n(1=9)/2 i {en[Q(l—p)pPﬁp?ax]Tf/ﬂz’ enmpr/z} 7 (13)

our remaining error bounds are sharper than those in Theorem 2.1 since,

il —n[2(1—p)pp1+p°ax]Ts /=*
2[2(1 = p)pp1 + pPax|Ton(1=9)/2
= il . 91/8 g=n[2(1=p)pp1+p*ax] T3 /n?
2[2(1 = p)pp1 + pPax]Tin(1—9)/2
< u ,
2[2(1 — p)pp1 + p?ax|Ty
and
L L 2V
mpypTan(t=0)/2 Ty n(-9/2 T oy, Ty

Next, we propose a graphical illustration of the error bounds to provide a clearer comparison
between Theorems 2.1 and 2.2. The presented random variable has an infinite third moment and a
finite (2+¢)-th moment, where 0 < § < 1. In addition, it serves as a suitable example in insurance,
as it reflects heavy-tailed behavior.

Example 2.1. Let X, Xy, X3, X3, ... be independent and identically distributed random variables defined
by:

90
T At
Notice that X has an infinite third moment and a finite (2 + 6)-th moment, where 0 < 6 < 1. Additionally,
it can be shown that,

90 15 90 16200 1072 7t
u—;C(S), Ho = potrs = —C(2—-9), and ax= 3 (—35+ 3 +45>,

P(X =k) fork=1,2,3,.... (14)

w2’ i

where ( is the Riemann zeta function defined by ((z) = § ir for complex number x such that R(x) > 1.
1w

n—=

Using this information, setting the parameter p of the binomial random variable B to 0.4, and 6 = 0.6
yields Figure 1.

5,500
5,000 |
4500 | |
S 4,000

nst;

S 3,500 ~

C
/

3,000 S~ o
2500 | T T =e=ee_____
2,000

0 2000 4000 6000 8000 10000

Figure 1: Constants C'; and C of error bounds for collective risk model in Theorems 2.1 and 2.2 when § = 0.6 and p = 0.4.
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It is worth noting that Theorem 2.2 provides an error bound for a sequence of random variables
with a finite third moment when § = 1. However, to improve the sharpness of the result, we
propose a refinement rather than directly applying Theorem 2.2 with § = 1. Moreover, the result
improves the bound given in [7].

In 2023, Kongjiw et al. [7] established an error bound for the collective risk model under the
assumption that ;3 < oo as shown.

Theorem 2.3 ([7]). Assume that us < co. Foranyn € Nand p € (0, 1), we have

1 _ (k=npu)® Csus
sup |P(Sp =k) — ———e 27w | < ,
keN v/ 2TnpY, n

4.89 L 297
2(1 = p)pp1 +pPax]y, P2’

where Cy =

The next theorem shows our refined outcome.

Theorem 2.4. Suppose that j13 < co. For anyn € Nand p € (0,1), we have

1 _ (k—npm)? C4/1,3
sup |P(Sg =k) — ———e 2w | < —=
keﬁ (S5 =) \/2mnpy, - n
Where C4 _ 9-78 67(5;96)2 71[2(1—1’)1’;1’;1”‘%1)2(1X]'712) + 089 + 1.99 67%(%)2";’7’5‘!2
2(1 = p)pp1 + PPax] mE o PR

Proof. From (3)-(5), we modify the formula for 7" to be,

< = 9lyp
7 B6us

Based on the revised formula for T35 and utilizing (6)—(7), we derive alternative bounds for A;
and Az under the condition that 3 < oo as follows:

T 2 2 2
A < —n[2(1-p)pp1+p°ax]T; /m 15
= 202(1 = pppr + PPax] T o
2 n[2(1—p)pp1 +p2 o x]v2
§ 9.78#3 e_(%) [2( )7r21u+g x1p (16)
~ n2(1 = p)pp1 + p2ax]yp )
and
AS S #e_np')’p,r:?/2 (17>
mnpyp T3
_1(8)2nPp
_ 1.99[;36 5(56) ng. (18)
npYp

To verify the bound for A,, Kongjiw et al. [7, p.120] showed that,

5 (t) _ einputfnp'yptzﬂ < gusnp‘tpefenp'yptz’
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9 1 1 3
for |t| < 7—1’; <2 — e) and 0 < e < 7 Choosing € = 3 we obtain that,

s (1) = emomt=rmnt 2| < Lsplpfpesnmmncss

9
for [¢]| < ﬁ = T5. From this fact and (11), we have
3

1

27'(' It‘STS
7 ° 2

?npug/ |t|3€—3np'ypt /8dt
g 0

0.8913
npy;

0.8913

— . 19
npy? (19)

A2 _ Sp (t) 7 einp/itfnp'ypt2/2 dt

IN

IN

I'(2)

Combining (16)-(19), we have the theorem as required. O

Remark 2.2. To clarify the sharpness of our theorem under the condition pus < oo, we need to compare the
constant terms,

4.89 L 298
2(1 = p)pp1 +pPax]y, P2’

in Theorem 2.3 with the constant terms,

(9 2"[2(171))11?14#)2&)(]72 _1(9 2'nzwg
9.78 (%) £ L 089 199 —i(%)" i

e
2(1 — p)pp1 + pPax]yy 2 P2

in Theorem 2.4. It is clear that,

1)2 npyy

1.99e_§(5‘"’ “E < 2.08.

Additionally, we notice that for sufficient large n such that,

n2(1 — p)pp1 + p*ax]v; > 264.86p3, (20)
the following inequality holds:
_(i)Q n[2(1—p)pp1 +p2ax]w12,
9.78¢ % 2u3 < 4.89.

The next example demonstrates the sharpness of constant Cy compared with Cs.

Example 2.2. Let X, X, Xo,... be independent random variables having geometric distribution with
parameter 0.8 defined by:

P(X =m)=0.8(0.2)""" for m=1,2,3.... (21)
One can compute the following quantities:

) 15 15 25 115 4

M2 = —5 Tp= §_176p7 M3 = 457 and ax = —. (22)

H=7 8 32
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Let the parameter p of the binomial random variable B be 0.1. From (21)—(22), we obtain Figure 2.

30 4~

25 N

Constant
[
(4]
/
/

- o
-
- -
-

0 2000 4000 6000 8000 10000

Figure 2: Constants C's and C} of error bounds for collective risk model in Theorems 2.3 and 2.4 when p = 0.1.

3 Compound Poisson Collective Risk Model

In this section, our focus lies on a compound Poisson collective risk model, in which the amount
of claims follows a Poisson random variable. Let Py be a Poisson random variable with parameter
A > 0. Define a compound Poisson collective risk model Sp, by:

Assume that Py, X, X;, Xy, ... are independent. We obtain that E(Sp,) = E(Py)E(X) = Apand
Var(Sp,) = E(P\)Var(X)+Var(P\)E*(X) = Muz — %) +Au? = Auz. In 2023, Kongjiw et al. [8]
also provided a bound for approximating the compound Poisson collective risk model as shown
in the following theorem.

Theorem 3.1 ([8]). Assume that poys5 < co. For any X > 0, we have

1 _eam? D D
sup |\P(Sp, = h) = —mme™ P < <t e
where
- 2Bl , B
4p1 g Tty
p,= 82 e
g

In this work, we improve the bound in Theorem 3.1. The following is our result.

Theorem 3.2. Assume that piz45 < co. For any A > 0, we have

1 _ e—aw)? Dg D4
P S :k —_— 22 < —_— —_—
R R v i S e e

221



S. Jongpreechaharn Malaysian J. Math. Sci. 20(1): 213-227(2026) 213 - 227

where
ap142/ A (0115
D — 7T(48/L2+5)1/6 ¢ Tamugy 7?0 | (48M2+5)1/6 o Tasiar 2T
3= 1/5 (146)/6 J
4p1py T hy
D B SO
7TMé3+5)/2

Proof. To obtain a result about the compound Poisson collective risk model motivated by [8], we
essentially need the result from the compound binomial collective risk model and utilizing a trian-

A
gle inequality. Let n be a positive integer such that 0 < — < 1 and P, a binomial random variable
n

A
with parameters n and —. Assume that P,, X7, X2, X3, ... are independent. Kongjiw et al. [8]

n
utilized the triangle inequality to prove that,

1 (k=xm)?
P(Sp. = k) — ————¢ Tz | < By + By + Ba,
’ (P)\ ) \/me 2 ‘_ 1+ b2+ D3

where

By =|P(Sp, = k) — P(Sp, = k)|,

] G
By=|P(Sp, = k) — ———c % |,
NZoen
R G
a=| L . 2 - . )
NN V2rhi

In addition, they showed that,

n—oo n—oo

By the fact that lim yx = po, lim np[2(1 — p)p1 + pax] = 2Ap;, and utilizing Theorem 2.2, we
n—oo n n—o00

obtain a refined version for compound Poisson collective risk model as follows:

1 _(k=xp)?
P(SPA =k)— We EPVTES
Apyu2/® Ap(2t9)/8
o T@81210) V0 T s 38/ s (48pa4e)0 — il
- /5 ¢ 146)/2,,(3+08)/2 (1+9)/5 ¢
A1 My Al i3 TS
D3 D,
~ X T
where
15 __ 2wud’ 15 _ w0
D3 = —”(48M2+1i?s e ™ 8uzgs)?/0 +‘(48M(ﬁ§))/6 e 208207
Ap1 g T
Dy = 3. (8/3)(3+5)/2u2+5 -
- 3+68)/2 :
el
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Remark 3.1. The constant of the error bound in Theorem 3.2 is sharper than that in Theorem 3.1 as demon-
strated by the following considerations:

3+6)/2
D= BB sy ()T
and for sufficient large A such that,
2>\p1u§/5 %u(2+5)/5
21/0 < min { e U219 208151527 L (23)
we have
oxps 1 2/8 Au(2+8)/8
Dy = 71'(48,&24-2”5 e—7ﬂ2(4;1;25)2/5 i (48#(24-(;))/1;6 e 2(4:;2L2+5)2/5’
1 1+
dp iy T
1/5 o w2 /s N, (246)/6
_ 7 (24p245) _21/56‘W n (24p1245)"/ .21/56‘W
176 1+6)/5
4p iy muy 0
< D;.

Example 3.1. Let X, X1, X2, X3, ... be independent and identically distributed random variables defined
as in (14). The error bounds in Theorems 3.1 and 3.2 are computed for the case where § = 0.5. Observe
3.5/2

that, D, = 3 Dy <0.492D,. This shows that the constant D refines the constant Dy. Moreover,

by varying the parameter A of the Poisson random variable P, we establish a comparison of the constants
D, and D3 in Figure 3.

2000 .
1800 \

1600 |............. YT T T TE T T T T T T T T T s T
1400 \
£ 1200 \
% 1000

8 800 \
600 N
400 S o
200 ~<

0 2000 4000 6000 8000 10000

Figure 3: Constants D and D3 of error bounds for collective risk model in Theorems 3.1 and 3.2.

Next, we provide an error bound for a Poisson collective risk model under the assumption that
p3 < oo. Before proceeding the proof, we first examine the recent result established by Kongjiw
et al. [7] as presented below.

Theorem 3.3 ([7]). Assume that us < co. For any A > 0, we have

1 _ (k—aw? 2.45 297\ us
sup |P(Sp, = k) — ———e 22 | < L) B
keg (Sp, ) V2T Ao (p1/i2 I ) A
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We provide the refined version in the following theorem.

Theorem 3.4. Assume that 13 < co. For any A > 0, we have

1 _e—aw? 4.89 —(£)?2mEd 089 1.99 —1(2)*2eE
sup |P(Sp, = k) — ————e¢ w2 | < e (55) w23 + 5+ —5e 2 (3%) 13 %
kEN V2w Ao DP1p2 15 2

Proof. Following the argument in Theorem 3.2 and the result in Theorem 2.4, under the condition

that pu3 < oo, we have

1 _(k=aw)?
’P(SPA =k)— NIV 2
v 2
_(2)222P163 _1(9)22ed
< 4-89M3€ (56) 23 4 O-SSMS 1-9;)”36 5(55) wg O
p1p2A HAA 22

Remark 3.2. To compare the sharpness between the constants in Theorems 3.3 and 3.4, it is clear that,

1)2 )\M%

_1
1.99¢ 5(%) %z < 2.08,

and for sufficiently large X such that,

2
132.04 < /\p12“2, (24)
M3

we have that,

2 2>\P1u%

(2 ,
4.89¢ () =i < 2.45.

Example 3.2. Let X, Xy, X2, X3, ... be independent and identically distributed random variables defined

as in (21). For convenience, denote,

2.45
D5 = 9
P12
2.97
DG = 9
125)
2 2Apq pu2
D7 = 4.89 ei(%) "ghéz
P12
D 089, 1.996—%(%)2%_
ps o3

From the moments in (22), the graphical comparisons of all bounds are shown in Figures 4 and 5. It is
evident that the error bounds D7 and Dyg steadily decrease as A increases.

224



S. Jongpreechaharn Malaysian ]. Math. Sci. 20(1): 213-227(2026) 213 - 227

0 1000 2000 3000 4000

Figure 4: Constants D5 and D+~ of error bounds for collective risk model in Theorems 3.3 and 3.4.

0.9
0.8
0.7 h
§0.6 \
§0.5 \
O 0.4
0.3 ~
0.2
0.1

e e e e e e e e e e e e e e e e e = = -

0 1000 2000 3000 4000

Figure 5: Constants Dg and Dsg of error bounds for collective risk model in Theorems 3.3 and 3.4.

4 Discussion and Conclusion

The obtained results in the compound binomial collective risk model are sharper than those
in [8], where the parameter n of the binomial random variable B exceeds a certain threshold, and
the results continue to decrease as n increases as explicitly demonstrated in Figures 1-2. Simi-
larly, the error bounds for the compound Poisson collective risk model improve the constants of
the bounds in [8], when the parameter \ of the Poisson random variable exceeds a certain thresh-
old, and the bounds decrease as A increases. The demonstrations are presented in Figures 3-5.
Additionally, the constants in the bounds are sharp as § approaches 1, indicating that the approx-
imated collective risk model exhibits the finiteness of the third moment. However, even when the
third moment of the random variables do not exist, the error bounds in the collective risk model
remain valid, albeit with less precise constants. For small values of § approaching zero, the con-
stants in the bounds presented in Theorems 2.1-2.2 and Theorems 3.1-3.2 increase in both the
compound binomial and compound Poisson collective risk models. The effect of § on the bounds

1/(S
arises from ac | yp [/LZ :u’ 9
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1/6
and 15 = <48%> tend to zero as J approaches zero in the compound binomial model. Ad-
H2+5

H2+5

1/68
increases as § approaches zero,
M2

ditionally, in the compound Poisson model, the term (

contributing to the growth of the bounds.
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